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The ord inary  formulat ion of the p rob l em for  the theory  of combust ion of condensed s y s t e m s  is  that  
for  a given ex te rna l  effect  on the s y s t em  (the p r e s s u r e  p, the l i gh t  flux q, the ve loc i ty  of e ros ive  gas  flux 
g, etc.) ,  i t  i s  r equ i red  to de te rmine  the combust ion veloci ty  u. The solution of such a p rob l em (we cal l  i t  
direct)  can be t r ea t ed  as  finding sufficient conditions to rea l i ze  a given change in the combust ion velocity.  
Bes ides  the d i rec t  p rob lem,  the i nve r s e  p r o b l e m  is  of in te res t :  to find the n e c e s s a r y  conditions to r ea l i ze  
a given law of t ime  var ia t ion  of the combust ion veloci ty  u(t). 

U n d e r  the assumpt ion  of the Ya. B. Zel 'dovich  [1] combust ion model ,  an exact  solution of the i n v e r se  
p rob l em is  obtained here in  for  the case  when the change in combust ion veloci ty  u with t ime  t is  given as  a 
s tep change in the veloci ty  f r o m  the s ta t ionary  value u 0 for  t < t  0 to the s ta t ionary  value u I for  t > t  0. 

I t  has  been es tab l i shed  that  the fo rm of the law of t ime  var ia t ion  in the p r e s s u r e  p(t) specifying a 
s tep change in the combust ion ve loc i ty  u(t) depends essen t i a l ly  on the di f ference between the veloci ty  ra t io  
z = u J u  o and the Ya. B. Zel 'dovich c r i t e r ion  [2] 

k = ( r l  - r0) ( 0 i. ~ ~ / v  ( o < k < t )  

where  To, T l a r e  the ini t ial  t e m p e r a t u r e  and the sur face  t e m p e r a t u r e  of the sys tem,  respec t ive ly .  Thus, 
i f  z >k, then the combust ion mode under  considera t ion  is  s table at any instant  and can exis t  infinitely long. 
If  0 < z-<k,  then at some t ime  t = t  1 {t 1 > to), combust ion becomes  unstable,  where  the loss  in s tabi l i ty  se ts  
in m o r e  rapidly ,  the l e s s  the quantity z d i f fers  f rom k, and the la ter ,  the g r e a t e r  the quantity k - z .  

i. FORMULATION OF THE PROBLEM 

As Ya. B. Zel 'dovieh  and B. V. Novozhilov [1-3] have shown, nons ta t ionary  combust ion p r o c e s s e s  of 
condensed s y s t e m s  can be computed suff icient ly accura te ly  by solving the equation of heat  conduction in 
the condensed phase  (k-phase) 

OTo~ § u ~ = • _5_ O~T (--co < z ~ O) (1.1) 

with the init ial  and boundary conditions 

r (x , t=0 )=To(X) ,  T(--oo, t ) = T  o(-oo), T(0, t)=T~ (1.2) 

and the condition that the combust ion ve loc i ty  u and the sur face  t e m p e r a t u r e  T 1 depend on the t e m p e r a t u r e  
gradient  at the su r face  

or 
/ = ~ ~=o 

and the externa l  f ac to r s  according  to the known laws 

u = u(/;  p , g  . . . .  ), T 1 = T l ( ] ; p , g  . . . . . .  (1.3) 

Moscow. Trans l a t ed  f rom Zhurnal  Pr ikladnoi  Mekhaniki i Tekhnicheskoi  Fiziki ,  No. 6, pp. 57-64, 
N o v e m b e r - D e c e m b e r ,  1971. Original  a r t i c l e  submit ted  F e b r u a r y  1, 1971. 

�9 1974 Consultants Bureau, a division of  Plenum Publishing Corporation, 227 g'est 17th Street, New York, N. Y. 10011. 
No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, 
electronic, mechanical, photocopying, microfilming, recording or otherwise, without written permission of the publisher. A 
copy of this article is available from the publisher for $Z5.00. 

I. 
833 



2.0 

L #  m 

t.O 

0.# 

/. g8 

/ ,#  

0 l,O ZO f f  

Fig. 1 

0.8 

0 

-0. 25; 

Fig. 2 

These  laws a r e  found f rom convert ing the s ta t ionary  dependences of the combust ion veloci ty  and s u r -  
face t e m p e r a t u r e  on the ini t ial  t e m p e r a t u r e  of the k -phase  T o ( -  r and p a r a m e t e r s  of the type of the p r e s -  
sure  p, the e r o s i v e  veloci ty  g, etc. In solving d i rec t  p rob l ems  of combust ion theory,  the s y s t e m  (1.1)-(1.3) 
is  c losed by ass igning t ime  dependences of the p r e s s u r e ,  the e ros ive  flux, etc.: 

p = p (t), g = g (t) . . . .  (1.4) 

In the case  of the i n v e r s e  p rob lem,  i t  i s  n e c e s s a r y  to give the t ime  dependence of the combust ion 
ve loc i ty  

u = u (t) ( 1 . 5 )  

The solution of the heat  conduction equation is  needed to find just  the functional re la t ionship  among 
the su r face  t e m p e r a t u r e  T1, the t e m p e r a t u r e  gradient  at the sur face  f ,  and the combust ion veloci ty  u at an 
a r b i t r a r y  t ime  t in both the d i rec t  and i nve r se  p rob l ems  of the theory  of nons ta t ionary  combustion:  

F ( r ( O ,  t); �9 (t); O~-t:~=o, u t ) = O  (1.6) 

At the s ame  t ime,  the solution of the heat  conduction equation T(x, t) i t se l f  c a r r i e s  so g r ea t  an amount  
of in format ion  that  i s  u s e l e s s  in this case .  However ,  this  disadvantage can eas i ly  be ove rcome  by applying 
a Four i e r  t r a n s f o r m  to (1.1) under  the conditions (1.2), as  has been shown in [4]. The re la t ionship  (1.6) 
obtained as a r e s u l t  i s  

where  

0 t 

Y ~ - - T o ( - - ~ ) - -  i 

~ o o  0 
l -S','[ ,,,] r <,'> = o < " .  1/-~-~ (t - -  t') LT, - - I '0  ( - - c o )  - -  u ( t ' )  -~ 2 

0 

( 1 . 7 )  

t 

U = S u d t  (1.8) 
U 

In the case  of the Ya. B. Zel 'dovich combustion model ,  when TI=  const the in tegra l  re la t ionship  (1.7) 
can be s impl i f ied  by cons ider ing  that  

I 
U 2 U t 

@ 0 
x 

err(x)= 2 (' ~,, -~-~ 3 e- a~ (1.9) 
0 

Then 
t 0 t 

I q- erf 2 -1 (• -'1~ ud t  - -  f f - ~  1"1 - -  T,  (-- 00) exp - -  (4• -1 • ud t  q- x d x  
0 - - c o  0 
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t 

= exp --4~(~-----~) (ri--r0(--~)) V ~ •  
0 

In this form, the relationship (1.7) is par t icu lar ly  convenient for the solution of inverse  problems 
since in this case u(t) and respect ively ,  U(t, t ') in (1.8) are  known hmctions of t ime, and the integral  equa- 
tion (1.10) in f is a Vol te r ra  equation of the f i rs t  kind. Substituting the function f (t) found f rom this equa- 
tion into the f i rs t  equation of (1.3), a relationship can be obtained between the p r e s s u r e  p, the flux velocity 
g, and the other external p a r a m e t e r s  

V (t, p, g . . . .  ) = 0 (1.11) 

This relat ionship is a n e c e s s a r y  condition for the real izat ion of a given change in the velocity u(t). 

If all the external factors ,  with the exception of one, say p, are  fixed, (1.11) will yield the p re s su re  
variat ion law p(t) needed for a given change in the combustion veloci ty u(t). 

2 .  T R A N S I E N T  M O D E  

Let us see the p re s su re  variat ion law for which the combustion velocity at some t ime var ies  by a 
jump f rom the s ta t ionary value u = u  0 to the s ta t ionary value u = u  1. Let the t ime at which the velocity jump 
occurs  be zero.  

Then u(t) becomes 

u0 at t ~ 0  
u ( t )=  ul at t ~ 0  (2.1) 

Hence, the corresponding tempera tu re  distribution at the t ime t=  0 is 

X) (2 o2) 
r0 = r0  + ( r l  - r0)  (-} 

Let us introduce the dimensionless var iables  

u~ t u0 T - -  T o  3 = ~ -  , ~ = ~ - x ,  0--  (2.3) 
1 ' i  - -  T o  

u/ u p 
uo(T1--  To) ' v = - -  ~l = - -  I*O ~ ])0 

where P0 is the stationary pressure corresponding to the velocity u 0. 

Substituting (2.2) and (2.1) into (1.10) and transforming to the new variables (2.3), we obtain 

I + erf ('/~ z V~)-- e-(Z-1) ~ (l --  erf [(l - -  ~/21) V~]} = Iexp[  - V 12 ('~ - -  3')j1 ) / .  (P(v')(v --'~'i d'~' (2.4) 
0 

where 

z = u i / u o  (2.5) 

Equation (2.4) is a Vol ter ra  integral  equation of the f i r s t  kind with kernel  dependent on the difference 
between the arguments  ~ - T  '. The technique of solving such equations by using the Laplace t r ans fo rm has 
been developed well [5]. 

Let  us introduce the notation 

G (3) = i + erf (I/2 z ~f~) - -  e -(z-I) �9 {i - -  err [(i - -  I/2 z) Vf~-]} 

K (3) = .~t__e"'/ . . . .  

(2.6) 

(2.7) 

In this notation, (2.4) becomes 

a (T) -- ~ K (~ -- 3') ~ (3') d3' (2.8) 
o 
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Let 

S(~ (~') dr '  = (I) (r) (2.9) 
0 

Then, applying the Laplace  t rans format ion  to (2.8), we obtain an a lgebra ic  re la t ionship  for  the t r a n s -  
f o r m s  

i ! (s) = ~ g (s) (2.10) 

where  

(r) 

l (s) = S e-'~(I) (~) d'~ (2.11) 
0 

cv. 

g (s) = ~ e-"G ('r dr (2.12) 
O 

co 

k (s) = ~ e-*~K (r) d~" (2.13) 
0 

Evaluating k(s) by using (2.7), let  us r e p r e s e n t  (2.10) as  

/(s) = (I '1,~ 2 t ~ + V ~ )  g (~) (2.14) 

Now, applying the i nve r se  Laplace t r ans fo rmat ion  to (2.14), we obtain the express ion  for  the original  

0 

Different iat ing (2.15) with r e s p e c t  to the t ime  ~', and taking into account  that  G(0) = 0 according to 
(2.6), we obtain the express ion  for  the gradient  

~ (~) = I[2erf(2]f~) + t ,,,z, v7 V ~ - ,  t G , ( ~ _  T,)d~, (2.16) 
D 

Evaluat ing G' ff - r  ' ) f r o m  (2.6) and substituting into {2.16), we obtain a sufficiently s imple  e x p r e s -  
sion for  the t e m p e r a t u r e  gradient  by using s imple  manipulat ions 

(r) = 1/2 z [I 4- err ('/2 z I/T)] 4- (I -- */~. z) e-(~-')" {I -- erf [(I -- */z z) }/~]}, (2.17) 

Let us note that G. M. Makhviladze [6] obtained (2.17) independently and by another method. 

The family of curves ~o (T) is pictured in Fig. 1 for different values of the parameter z. All the 
curves possess the following property: 

(~) --~ 1 at T--~ 0 andany z (2.18) 

cp(~)-+z at "c--~4- co 

There fo re ,  as  the combust ion veloci ty  changes by a jump f r o m  v = 1 to v = z, the t e m p e r a t u r e  gradient  
at the k -phas e  sur face  changes  continuously and monotonically and in t ime e m e r g e s  into the s ta t ionary  

mode r = z cor responding  to the s ta t ionary  level  of the combust ion veloci ty  v = z. 

3 .  P R E S S U R E  V A R I A T I O N  L A W  

In o rde r  to obtain the appropr ia te  p r e s s u r e  var ia t ion  law, it  is n e c e s s a r y  to ass ign  some kind of r e -  
lat ionship between the combust ion veloci ty  v, the p r e s s u r e  7, and the gradient  ~ in conformi ty  with (1.3). 
Assuming an exponential  dependence of the combustion veloci ty  on the ini t ial  t e m p e r a t u r e ,  and a p o w e r -  
law dependence on the pressure u~pVe aT~ we obtain 

v = exp (k (i - ~ /v ) )n  ~ (3.D 
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w h e r e  

k = a (Tx --  To) (0 < k < t) 

Subst i tut ing the condi t ion v = z  and the e x p r e s s i o n  fo r  go in to  (3.1), we 
obtain f r o m  (2.5) fo r  the p r e s s u r e  

~- In (W) = kz-1 r (z, ~) -4- In z - -  k (3.2) 

Let  us  inves t iga te  the  n a t u r e  of the  behav ior  of  the c u r v e s  (3.2). F o r  
any  z the  c u r v e s  r (z, 7) a r e  monotone  funct ions  of  the t ime  s ince  the g r a d i -  
ents  go (z, r a r e  monotone ,  and in t i m e  they  e m e r g e  into the s t a t i o n a r y  mode  

= In z.  As  the  t ime  7 tends  to z e r o  on the r ight ,  the  c u r v e s  r (z, w) tend,  a c -  
c o rd i ng  to  (2.7), to  the l imi t  va lues  

~o (z) =_ ~ (z, +O) = (kz -~ - -  k -? In z) (3.3) 

T h e r e  i s  a m i n i m u m  a m o n g  all  the  va lues  of ~b 0 (z) which is  r e a c h e d  a t  
z =k:  

min *o (z) = *o (k) = i - -  k d- In k < 0 (3.4) 
Z 

A graph  of the ini t ia l  p r e s s u r e  jump as a funct ion of the  ve loc i ty  jump ~b0(z) is shown in Fig .  2. Two 
p r e s s u r e  change c u r v e s  ~l(zl, T) and r (z2, w) c o r r e s p o n d  to each ini t ial  jump Co(Z) (~ >r - 1 - k + l n  k), 
with the except ion of r w h e r e  one c o r r e s p o n d s  to  z l < k  and the o ther  to z 2 >k.  In th is  connect ion ,  the 
fami ly  of p r e s s u r e  c u r v e s  ~(z, z)  can  be  s e p a r a t e d  into two sub fami l i e s  (Fig.  3). The  subfami ly  ~2(z, T) 
(z >k) of the c u r v e s  is c h a r a c t e r i z e d  by the fac t  tha t  a l a r g e r  value  of the p r e s s u r e  ~b c o r r e s p o n d s  to a 
l a r g e r  value of the ve loc i ty  v at the ini t ial  ins tan t  1-= +0 (exact ly  as  l a te r ) .  The subfami ly  r c o n s i s t s  of  
c u r v e s  hav ing  a va lue  r at the t ime  T = +0 ,  which will  be g r e a t e r ,  the s m a l l e r  the  quanti ty z. The  p r e s s u r e  
cu rve  r (k, w) should  be r e f e r r e d  to second  f ami ly  fo r  r e a s o n s  which will  be  c l a r i f i ed  l a t e r .  

The subfami ly  of  c u r v e s  r (z, T) has  an envelope d e t e r m i n e d  f r o m  the s y s t e m  of equat ions  

= kz-iq~ (z, x ) J r  In z - -  k (3.5) 

~ "  = kz-~q~ ' (z, T) - -  k z - ~  (z, "0 + z - i  = 0 

F o r  th is  i t  i s  n e c e s s a r y  to  e x p r e s s  z as  a function of 7 f r o m  the second  equat ion of  the s y s t e m  (3.5), 
and to subs t i tu te  the  e x p r e s s i o n  obta ined fo r  z(7)  into the f i r s t  equat ion 

** k 
= ~ - ~  ~ (z (~), ~) + In z (T) - k ( 3 . 6 )  

However ,  i t  i s  diff icult  to  obtain  an expl ic i t  e x p r e s s i o n  for  the  envelope r at  any ins t an t  s ince  the 
second  equat ion of the s y s t e m  (3.5) in z i s  t r anscenden ta l :  

~ { _ ~ + k  z z ~ e - V , z ~ :  __eO-Z)~[l ~ err ( ( 1 -  T)z ] / ~ ) ] (  wz2-Z- w z - y t ) } = 0  (3.7) 

Hence,  le t  us  l i m i t  o u r s e l v e s  to  the  inves t iga t ion  of  the behav io r  of the  envelope  fo r  suf f ic ien t ly  
sma l l  and l a rge  t imes .  F o r  sma l l  t i m e s  w << 1 the a sympto t i c  e x p r e s s i o n  fo r  the p r e s s u r e  r i s  

~2 = kz-lJ t - -  2 (l - -  z) ~ -~ (i - -  z) (l - -  1/2z) w] ~- In z - -  k (3.8) 

We hence  find z(7) f r o m  the second  equat ion of (3.5) 

z ('~) = k [ t  - -  2 ~ -~ (t - -  ~/2k 2) w] (3.9) 

and the a s y m p t o t i c  e x p r e s s i o n  fo r  the  envelope  f r o m  the f i r s t  

~* = ( l - -  k -~ In k) - - ( t  - -  k) 2 ~r~---~W + (t - - 2 n  -z ~- 1/2k~ - -  3/2k ) "~ (3 .10)  

As is  seen  f r o m  (3.8) and (3.9), the  envelope 'r at the  t ime  7= + 0 i s  t angent  to  the  p r e s s u r e  c u r v e  r 
c o r r e s p o n d i n g  to z =k ,  and l a t e r  has  a t angen t  to  the c u r v e s  c o r r e s p o n d i n g  to z <k  (i .e. ,  to  the c u r v e s  of 
the f i r s t  subfami ly  ~b 1 (z, 7)). Hence,  the  tangent  of  the c u r v e s  ~b 1 (z, T) to  the envelope  wil l  s t a ~  hater ,  the 
s m a l l e r  the quant i ty  z to which they c o r r e s p o n d .  The s a m e  p i c tu re  i s  indeed  c o n s e r v e d  f o r  l a r g e  t i m e s  
7>> 1. An a s y m p t o t i c  e x p r e s s i o n  for  r is  va l id  f o r  l a r g e  t imes :  

~ = l n z ~ -  k a t e-'/, .... t - - z  (3.11) 
V:~ ~'/' ~ (t - 'l,~) ~ ' z 4= 0 
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We obtain z(T) f rom the second equation of (3.5): 

z (~) = 2C / )f~ (3.12) 

whore the constant  C is  de termined  f rom the equation 

CeC" = k / 2 ]/r-~ (3.13) 

Substituting (3.12) into the f i r s t  equation of (3.5), we obtain an express ion  for  the envelope at  large  
t imes  

~*= la ~ 2C~ (3.14) 

As follows f rom (3.12), (3.14), the envelope as well as the p r e s s u r e  curves  themselves  n ea r  the en-  
velope va r y  s imi la r ly  to the known se l f - s imi l a r  modes [2, 7] at large  t imes,  for  which 

~ 

The combust ion ve loc i ty  is  hence constant,  while u(t) N 1 / r  in the mentioned se l f - s imi l a r  modes.  

4. STABILITY OF THE NONSTATIONARY MODES 

As has been mentioned above, a solution of the inverse problem of nonstationary combustion theory 
(in a particular case) is the pressure variation law r (T) which assures a change in the combustion velocity 
according to a given law v 0") for given initial conditions 00 (~). Therefore 

, (~) = $ (v (~), O0 (~), ~) (4.1) 

Let us assume that the mentioned quantities acquire small increments 6r (T), 6v (T), 500(}) , then by 
variating the expression (4.1), we obtain a relationship between the increments 

~, (,) = ,j (By) +,~o' (~0p) (4.2) 

where ~--' and r are the first variations of the functional r The relationship (4.2) permits answering 
v ~0 

the question of whether a given process is stable to perturbations of any kind of the variables ~, v or 00 (~). 

Let us examine the stability of the mode investigated above. Let us assume that the initial temper- 
ature distribution experiences no perturbations, but the pressure acquires the small perturbation 6r (z, ~'). 
Then the combustion veloci ty  r ece ives  the per turbat ion 6z (r), which depends on 6r as follows in confor-  
mi ty  with (3.2) and (4.2) 

%" (,, - + (4.3) 
k 8z 

L ~  

The mode z(T) will be Lyapunov-stable to per turbat ions  6r (T) i f  for  any ~> 0 there  i s  a 6 (~) > 0 such 
that i f  I~1] < 5 (e), then IISz (v)[I < 8. As the no rm of the function, let us se lec t  i ts  maximum absolute va l -  

v �9 

ue ~] (T)]l = max ]/(~) ] .  Then the stabil i ty condition for  z(T) will be sat isf ied i f  the fac to r  in (4.3) is  bounded 

in absolute value.  This r equ i remen t  is  sat isf ied for the curves  of the second subfamily r (z, ~'), (z > k) and 
is not sat isf ied for  curves  of the f i r s t  subfamily r (z, r) since in this case  the coefficient  ( k z - l ~ z - k z - ~ +  
Z- l )  "1 becomes infinite at  the t ime the curve  ~bl(z , T) is  tangent to the envelope r (r). 
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